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' Abstract 

In this paper, we prove the Gallai-Edmonds structure theorem for the most general matching 
polynomial. Our result implies the Parter- Wiener theorem and its recent generalization about the 
' existence of principal submatrices of a Hermitian matrix whose graph is a tree. 
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1 Introduction 

Recently, Chen and Ku [3] proved an analogue of the celebrated Gallai-Edmonds structure theorem for 
general roots of the matching polynomial. Their result implies that every connected vertex transitive 
graph has simple matching polynomial roots. Subsequently, following a line of investigation pursued 
by Lovasz and Plummer [22] , Ku and Wong wrote a series of papers [HI CEl CE1 El OS 02] to develop 
a matching theory for general roots of the matching polynomial. In this paper, we shall prove the 
Gallai-Edmonds structure theorem for the most general matching polynomial. Surprisingly, our result 
implies the Parter- Wiener theorem and its recent generalization by Johnson, Duarte and Saiago 
about the existence of principal submatrices of a Hermitian matrix whose graph is a tree. 

All graphs in this paper are simple and finite. The vertex set and the edge set of a graph G will 
be denoted by V(G) and E{G) respectively. Recall that an r-matching in a graph G is a set of r 
edges, no two of which have a vertex in common. The number of r-matchings in G will be denoted by 
p(G,r). We set p(G, 0) = 1 and define the matching polynomial of G by 

\n/2\ 

p(G,x)= ^(-l) r p(G,r)/- 2r , 

r=0 

where n = \ V(G)\. 
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In this paper we shall consider weighted versions of the matching polynomial. From now on, we 
assign a non-zero complex number w(e) to every edge e of our graph G (we shall give a reason why 
we do not want w to take zero value later). We can view w as a function on E{G) and call w the edge 
weight function. We also denote an edge by e uv to emphasize that the edge has endpoints u and v. 
For each complex number y = a + hi G C, we denote its conjugate by y = a — bi and its magnitude 
by \y\ = y/a 2 + b 2 . Also for any set S, we denote the number of elements in S by \S\. Although the 
notations for the magnitude of a complex number and the number of element in a set look similar, 
they will not cause any confusion. 

For each A C E(G), we define w(A) = ]J eeA w(e). We set w(0) = 1. Let M(G) denote the set of 
all matchings of G including the empty set 0. The edge weighted matching polynomial of G is defined 
by 



2^n-2|M| 

MeM(G) 



We denote the set of all r-matchings in G by M r (G) and set Mq{G) = {0}. The following lemma 
is obvious from the definition. 



Lemma 1.1. 



\n/2\ 

im.(g,x) = £(-Q r I £ HM)| 2 )^' 



r=0 \MeM r (G) 

w/iere n = □ 

Using Lemma m it is not hard to deduce the followings. 

Lemma 1.2. For any edge weight function w, zero is a root of fi w (G,x) if and only if G does not 
have a perfect matching. □ 

Lemma 1.3. Suppose w{e) = 1 for all e G E(G). Then /j, w (G,x) = [i(G,x). □ 

By Lemma fOl the fact that zero is a root of ^ W (G, x) depends only on the structure of the graph 
G and does not depend on the edge weight function. By Lemma [l.3j, if the edge weight function takes 
only the value 1, then the edge weighted matching polynomial is the usual matching polynomial. 

Let u G V{G). The graph obtained from G by deleting the vertex u and all edges that contain 
u will be denoted by G \u. The weight function on G \ u is induced by the weight function w on 
G. Inductively if u\, . . . , G V(G), G\u\ . . .u^ = (G\u\ . . . Uk-i) \ u^. For convenience if H is a 
subgraph of G then we shall denote G \ V(H) by G \ H. If e\, . . . , e m G E(G) then the graph obtained 
from G by deleting all the edges e\ , . . . , e m will be denoted by G — e\ . . . e m . The weight function on 
G — e\ . . . e m is induced by the weight function w on G. 

If we were to allow w to take zero value then fi w (G, x) = fi w (G — e\ . . . e m , x) where w{e\) = ■ ■ ■ = 
w(ek) = 0. So we may remove the edges with zero weight and the resulting graph has the same edge 
weighted matching polynomial. This is the reason why we do not allow w to take zero value. 

The edge weighted matching polynomial fi w (G,x) is a special case of the original multivariate 
matching polynomial introduced by Heilmann and Lieb [9], who proved that all roots of fj, w (G,x) 
are real ([HI Theorem 4.2]). As a consequence, the roots of the usual matching polynomial fi(G,x) 
are real (Lemma II. 3p . This fact was also proved by Godsil in his book [U Corollary 1.2 on p. 97] 
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via the classical recursive approach (see also [8l Corollary 5.2]). Recently, by generalizing Foata's 
combinatorial proof of the Mehler formula for Hermite polynomials to matching polynomials, Lass 
|2H Corollary on p. 439] proved that all the roots of fi w (G,x) are real. 

Now let us further generalize the edge weighted matching polynomial by assigning a real number 
w\ (u) to every vertex u of our graph G (we allow w\ to take zero value) . We can view w\ as a function 
on V{G) and call w\ the vertex weight function. The pair (w,wi) will be called the weight function. 
For each non-empty set S C V(G), let Hg(S) be the subgraph of G induced by the vertices in S, that 
is V(Hg(S)) = S and e uv G E(Hg{S)) if and only if e uv G E{G) and u,v £ S. 

For each S C V(G), we define w\{G \S) = \\ u( zv(g\s) w i( u )- We set w\{0) = 1, Hg(0) = and 
/i w (0,x) = 1. The weighted matching polynomial of G is defined by 

V( w , Wl )(G,x)= (-l) ]V(GXS) WG\Sh w (H G (S),x). 

SCV(G) 

It turns out that the weighted matching polynomial can be rewritten as 

V(w, Wl )(G,x) = ^ ]] w(e) Yl (x-wi(u)) 

M&M(G) \\eGM / \ueV(0)\V(M) 

which was proved by Averbouch and Makowsky pQ to be the most general nontrivial polynomial 
satisfying the matching polynomial recurrence relations. 

Example 1.4. Let G be the graph in Figure 1. Let w{e ulU2 ) = 2 + i, w\(ui) = 1 and ^1(^2) = 3. 
Note that all the possible subsets of V(G) are Si = 0, S2 = {ui}, S3 = {u 2 } and S4 = {ui,u 2 }. Now 
fi w (H G (Si),x) = 1, fj, w (H G (S2),x) = x, fi w (H G (S3),x) = x and h w (Hg(S^),x) = x 2 -\2+i\ 2 = x 2 -5. 
Also w\{G \ Si) = w\{ui)wi{u2) = 3, w\{G \ S 2 ) = ^1(^2) = 3, w\{G \ S3) = wi(ui) = 1 and 
wi(G \ 5 4 ) = 1. Therefore r/ ( ^ )tUl) (G, x) = (x 2 - 5) - (l)x - (3)x + 3 = x 2 - 4x - 2. 




Ui u 2 

G= O O 

Figure 1. 

□ 

Example 1.5. Let G be the graph in Figure 2. Let w(e VlV2 ) = 1 + 2i, w(e V2V3 ) = 2 — 7i, w(e VlV3 ) = 
—3 + 2i, w\{v\) = 1, ^1(^2) = 2 and u>i(t>3) = 3. Note that all the possible subsets of V(G) are 
Si = 0, S 2 = {vi}, S3 = {v 2 }, S4 = {v 3 }, S 5 = -j>i,t> 2 }, S 6 = {vi,v 3 }, S 7 = {^2,^3}, S 8 = 
{vi,v 2 ,V3}. Now fi w (H G (Si),x) = 1, n w (H G (S 2 ),x) = x, [i w (H G (S 3 ),x) = x, /u M ,(F G (S , 4 ), x) = x, 
H w (H G (S 5 ),x) = x 2 - 5, n w (H G (S 6 ),x) = x 2 - 13, fj, w (H G (S 7 ),x) = x 2 - 53 and n w (H G (S 8 ),x) = 
x 3 — (5+13+53)x = x 3 — 71x. Also wi(G\S±) = wi(vi)wi(v 2 )wi(v3) = 6, wi(G\S 2 ) = wi(v 2 )wi(v3) = 
6, w 1 (G\S3) = wi(t)i)wi(t> 3 ) = 3, w%{G\Si) = wiiv^wtfa) = 2, w\{G \ S 5 ) = wi(w 3 ) = 3, 
wi(G \ Sq) = wi(v 2 ) = 2, w\{G \ Sj) = wi(vi) = 1 and wi(G\S$) = 1. Therefore r]^ w ^ Wl ^(G,x) = 
(x 3 - 71x) - (x 2 - 53) - 2(x 2 - 13) - 3(x 2 - 5) + 2(x) + 3(x) + 6(x) - 6 = x 3 - 6x 2 - 60x + 88. 
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□ 



G 



□ 

For consistency, we set f]{w,wi) — The following three lemmas are obvious. 
Lemma 1.6. If w\(u) = /or a// u G V(G) i/ien 

^(to.iuoCG.x) = n w (G,x). 

Lemma 1.7. Zei m, . . . , u m G V(G) be such that wi(ui) = • • • = wi(u m ) = 0. Then 
ri {w , Wl) (G,x) = £ (-^ ViGXS)l MG\S) f i w (H G (S),x). 

SCV(G), 
{ui,...,w m }C5 

□ 

Lemma 1.8. The degree of rjr W VJ1 \(G, x) is equal to the degree of /j, w (G,x), which is \V(G)\. □ 

Let G\ and G2 be graphs with weight function (w, w±) and (w',w[), respectively. The two graphs 
are said to be weight-isomorphic if there is a bijection / : V(G\) — > V{G2) such that 

(a) ef(u)f(v) e E{G 2 ) if and only if e uv G -E(Gi), 

(b) w'(e f ( u)f ( v) ) = w(e uv ) for all e uv G 

(c) t«i (/(«)) = ttfi(u) for all u G V(Gi). 

Note that if conditions (b) and (c) are removed then this is just the 'usual' isomorphism. 

Example 1.9. Let G\ and G2 be the graphs in Figure 3. The edge weight functions for both graphs 
take value 1 for all the edges, whereas the vertex weight functions are as stated. Note that they are 
not weight-isomorphic (even though they are isomorphic in the 'usual' sense when the weights are 
removed) . 




□ 

The following lemma can be proved easily. 

Lemma 1.10. Let G\ and G2 be graphs with weight function (w,wi) and (w',w[), respectively. If G\ 
is weight-isomorphic to G2, then r/^ w ^ Wl ^(Gi,x) = ^(^^(G^, x )- ^ 

Now by Lemma[L6j the weighted matching polynomial r]^ WWl ^{G, x) is a generalization of the edge 
weighted matching polynomial [i w (G, x). So it is quite natural to ask whether the roots of T]^ w ^ Wl ^ (G,x) 
are real or not. In Section 3, we give an affirmative answer using Godsil's approach [5] (Corollary 13. 3p . 
This generalizes the result of Lass [21, Corollary on p. 439]. 

Let G be a graph with V(G) = {1, 2, ... ,71} and Br WtW1 \(G) = [b uv ] be the n x n matrix with 

w(e uv ), if e uv G E(G) and u < v; 
wi(u), if u = v; 
w(e vu ), if e vu £ E(G) and u > v; 
0, otherwise. 

We call Br W)Wl \(G) the weighted adjacency matrix of G. Note that B^ W W ^{G) is a Hermitian matrix, 
that is b uv = b vu for all u, v. The weighted characteristic polynomial of G is defined by 

<t>{ w , wl ){G,x) = det(xJ- B {W:Wl) (G)). 

Example 1.11. Let G and (w,wi) be as given in Example 11.41 Here we assume V(G) = {1,2} where 
ui = 1 and U2 = 2. Then 

B( WyWl )(G) = I , 



and 



, jWl) (G,x) =x 2 -Ax -2. 



Example 1.12. Let G and (w,w\) be as given in Example 11.51 Here we assume V(G) 
where V\ = 1, Vi = 2 and V3 = 3. Then 



□ 

{1,2,3} 



and 



n )(G,x) 



B(w, Wl )(G) 



6x 2 - 60x + 196. 



/ 1 1 + 2? 

1-2? 2 
^-3 -2i 2 + 7i 



-3 + 2A 
2- 7i 

3 J 



□ 



Note that if w(e) = 1 for all e € E(G) and w\{u) = for all u G V(G), we recover the usual 
characteristic polynomial of G and Br WjW1 \(G) is the usual adjacency matrix. Godsil and Gutman [HI 
Theorem 4] first proved the relation between the characteristic polynomial of G and its matching poly- 
nomial. In Section 2, we shall show that similar relation holds for weighted characteristic polynomial 
and weighted matching polynomial (Theorem 12. lQj) . As a consequence, the weighted characteristic 
polynomial of a graph and its the weighted matching polynomial are identical if and only if the graph 
is a forest, provided that the edge weight function w is positive real- valued (Corollary 12. 14p . 

We would like to remark that 'ordering' in V(G) is very important. Different ordering in V(G) 
could give different weighted characteristic polynomial (see Example I1.13p . This also means that 
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in general weight-isomorphic graphs might not have the same weighted characteristic polynomials. 
However if G is a tree or G is any graph with real valued edge weight function, then the 'ordering' in 
V(G) will have no effect on its weighted characteristic polynomial (Corollary 1 2 . 1 5 1 and Corollary 12. 161 
respectively) . 

Example 1.13. Let G\ and G 2 be the graphs in Figure 4. Let V{G\) = {u\, u 2 , Us, u±\ and V(G 2 ) = 
{vi, v 2 , ^3, V4}. Suppose the vertex weight functions for both graphs take value for all the vertices, 
whereas the edge weight functions are as given in the figure. 



U4 i U3 

O — O 



O O 



G\ = i i G2 = i 

O O ■ 

Ul i U 2 Vl 

Figure 4. 



z 

) 

l>3 



Now order the vertices of G\ as follows: u\ = 1, u 2 = 2, ^3 = 3, u^ = 4. Then 

/ i A 
_ -i i 
v ' — 1 z 

-t oy 

and (Gi , x) = x 4 - 4x 2 + 4. 

Suppose we order the vertices of G 2 as follows: v\ = 1, v 2 = 2, U3 = 3, U4 = 4. Then 

/ i A 
i i 



-i 

-i oy 



and 0( TO)TO1 )(G 2) a;) = x 4 
0(w,t«i)(G2,a;). 



4x z 



-B(«),«)i)(G2) 

So even though Gi is weight-isomorphic to G2, 



Ul) (Gi,x) / 
□ 



We shall denote the multiplicity of 6 as a root of r]r WtWl )(G,x) and n w (G,x) by mult(0, G, 
and mult(0, G, respectively. In Section 4, we classify the vertices of G with respect to 6 using God- 
sirs approach [TJ Section 3] and study their properties. In Section 5, we develop a Gallai-Edmonds 
decomposition associated to a root 9 of the weighted matching polynomial (Corollary 15. 121 and Corol- 
lary [5J2]). In Section 6, we discuss the connection of our result with the classical Gallai-Edmonds 
decomposition which is associated to root 8 = 0. In Section 7, we deduce the Parter-Weiner theorem 
and its generalization. 



2 Weighted matching polynomial and weighted characteristic poly- 
nomial 

It is not difficult to verify the following recurrence relations of [i w (G, x) following the proof in [U 
Theorem 1.1 on p. 2]. The sketch of the proofs are provided. 



6 



Lemma 2.1. Recurrence for fj, w (G,x). (v ~ u means u is adjacent to v) 

(a) /J, W (GUH, 

x ) — l^w (G, x)fi w (H, x) where G and H are disjoint graphs. 

(b) yL w {G,x) = fi w (G - e uv ,x) - \w{e uv )\ 2 ii w (G \ uv,x) if e uv is an edge of G. 

(c) n w (G,x) = xfi w (G \u,x) - J2 v ~u \ w ( e uv)\ 2 Liw(G \ uv,x). 

(d) £(fj, w (G,x)) =Y,veV(G)f J 'UG\v,x). 

Proof, (a) Note that every r-matching in GU H consists of an s-matching in G and an r — s-matching 
in H. So for each M G M r (G U H), M = M%U M 2 for some M 1 G M S (G) and M 2 G M r _ s (H). Part 

(a) follows from Lemma ll,l| by noticing that 

r 

£ |^(M)| 2 = E E l^(MiUM 2 )| 2 

MeMJGUH) s=0 M!6M S (G), 

Af 2 SAf r _ s (H) 

= E( E K^OI 2 ) f E l"WI 5 

(b) Let P r (e uv ) = {M G M r {G) : e uv G M}. Note that if M G P r (e w ), then M \ {e u „} is an 
(r - l)-matching in G \ uv, i.e. M \ {e uv } G M r _i(G \ uv). Also M r (G) \ P r (e uv ) = M r (G - e uv ). 
Thus M r {G) = P r {c uv ) U M r {G — e uv ). Part (b) follows from Lemma ll.ll by noticing that 



E \ W (m)\ 2 = e h^oi 2 + E m m )i 2 

MeM r (G) MeM r (G-e uv ) A/SP r (e u „) 

E l^(M)| 2 + |u;( eui ,)| 2 E I^WI 2 - 

M&M r {G-e uv ) MeM r -\(G\uv) 

(c) Note that M r (G) = M r (G \u)U (\J v ~u p r(e U v)), where P r {e uv ) = {M G M r (G) : e uv G M}. So 
part (c) follows from Lemma ll.ll by noticing that 



E km)| 2 = e mm)| 2 + e E H M )i 2 

MeM r (G) MeM r (G\u) A/eP r (e„„) 

= E HM)| 2 + EKe™)| 2 E H M )I' 



MeM r {G\u) v~u M£M r _i(G\««) 



(d) Let |V(G)| =n. Then 



, L(n-1)/2J / 

-(^(G,x))= E ("l) r (n-2r) E H M )I 

' '' r=0 \MeM r (G) 



2 1 x n-l-2r 



Let 

T r (G) = {(M, v) G M r .(G) x : v is not contained in any of the edges in M}. 
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Let us calculate the sum Y1(m v)eT r (G) \ W (M)\ 2 in two ways. First we fix M and count the num- 
ber of v. Since M contains exactly r edges and each of the edges contains exactly 2 vertices, the 
number of vertices that are not contained in any of the edges in M is equal to n — 2r. Therefore 

Z(M,v)eT r (Q) l»WP = (n - 2r) (E M eM r (G) 

Second we fix v and count the number of M. This is the number of r-matching in G\v. Therefore 
J2(M,v)eT r (G) \w(M)\ 2 = J2vgV(G) Y,MeM r (G\v) \w(M)\ 2 . Part (d) then follows from LemmaO □ 

Theorem 2.2. Recurrence for r]i wwl \{G,x). (v ~ u means u is adjacent to v) 

(a) r]( w , Wl ){Gi UG2,x) = V(w,wi)(,Gi,x)r]( v]jWl -\(G2,x) where G\ and G2 are disjoint graphs. 

(b) V(w,w{) (G, x) = V(w, Wl )(G - e uv , x) - \w(e uv )\ 2 rj^ Wl )(G \ uv, x) if e uv is an edge ofG. 

(c) V( w , wl )(G,x) = (x- w 1 {u))n iW:Wl) (G\u,x) - 52v~u \w(e uv )\\ WjWl) (G \ uv,x). 

( d ) £(V{w,wi){G,x)) = T,veV(G)V(w, Wl ){G\v,x). 

Proof, (a) For each S C V(G X U G 2 ), S = S 1 US 2 with S t C V(Gi) and S 2 C V(G 2 ). Also by part 

(a) of LemmaEU fj, w (H GlLlG2 (S),x) = ]J 2 =1 fx w (H G .(Sj),x). Therefore 

(_l)|v((GiuG a )\S)l tUl ((G 1 uG 2 )\5)/i 11 ,(ff Gl u G!1 (S) )I ) 
2 

= nt- 1 ) 1 ^^ 1 ^ \ ^)^(^ G .(5j),x), 

and 

2 

V(w,wi) (G\ uG 2 ,x)= E nC- 1 ) 1 ^'^ 5 ^ 1 ^ \ S^Ha^Sjlx) 

Sicy(Gi)5 2 cy(G 2 )i=i 

= J ?(w,wi)(G'i,x)r/( Wi , j;i )(G2,x). 

(b) Note that if S C V(G) then either {u, »}CS or {u, v} ^ S. Therefore 

ri {w , Wl) (G,x)= (-^ inGXS)l wi(G\S) t x w (H G (S),x)+ 

SCV(G), 
{u,v}CS 

£ (-1)1^(^)1^^ \ S )p v ,(H G (S),x). 

SCV(G), 
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Now if {u, v} C S then e uv G E(Hq(S)). So by part (b) of Lemma [2TTT 



J2 (-l)\ v ^ Wl (G\S)f,UHG(S),x) 
( 



SCV(G), 
{u,d}CS 



£ (-1)1^(^1^(0 \ S)ti w (H G (S) - e uv ,x) 



. SCV(G), 
\{u,v}CS 



J 



( \ 

w(e U v)\ 2 (-l) inGXS)l MG\S)» w (H G (S)\uv,x) 



\ 



SCV(G), 
{u,v}CS 



J 



On the other hand, by setting G' = G — e uv we have 

ri iw , Wl) (G',x)= Yl (-l) lV{G ' XS)l m(G'\S) f , w (H G '(S),x)+ 



SCV(G'), 
{u,v}CS 



(-l)l y ( G '\ s V(G' \ S)» w (H G ,(S),x). 



SCV(C), 
{u,v}£S 

Note that (-l)\ v ^ G '\ s ^ Wl (G' \ S) = (-l)\ v ^ G \ s ^ Wl (G\ S). Furthermore if {u,v} S, then Hq>{S) 
Hg{S) and /i w (Hg'(S), x) = h w (Hg(S), x). Therefore 

£ { r \)\ y ( G '\^w 1 {(?\S)v w {H G ,{S),x) = 



scv{C), 



j2 (-i)\nG\s)\ Wi{G \ s)fXw ( HG (s), x ). 



scv( G ), 

{u,v}£S 

Also if {u, v} C S then Hqi(S) = Hg(S) — e uv . Therefore 

Tl(w,wi) \Gi x ) = V(w,wi){G — e-uvi x) — 

( 



\w(e uv )\ 2 Y (-l) lV{GXS)l MG\S)» w (H G (S)\uv,: 



\ 



scv(c), 

{u,v}CS 



) 



Now for each S C V(G) and {u,v} C S, S = S\ U {u, where 5i C V(G \ uv). Note also that 
H G (S) \uv = H G \ uv (Si) and G\S = (G \ uv) \ Si. Hence V(w, Wl ){G,x) = V(w, Wl )(G - e uv ,x) - 
\w(.e uv )\ 2 V(w, Wl )(.G \ uv, x). 

(c) Let v\,...)Vk be all the vertices adjacent to u in G and g(S) = (—1)\ v ( g \ s ^wi(G\S)[i w (Hg(S),x). 
For a set T C {«!,... , v k }, let N(T) = {SC y(G) : u G 5 and if v ~ u in if G (5) then ?; G T}. Then 

SQV(G), TC{v 1: ...,v k } SGN(T) 
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For each S C V(G) and u ^ S, we have S 1 C V(G \ u), and vice versa. Therefore (-1)I^( G VS)I = 
_(_1)|V((GW\5)| ; m{G \ 5) = Wl (u) Wl ((Q \ U )\S) and ff G (S) = ^g\ u (5). So 

E 3(5) = -^i(^)'7Kk;i)(G ! \'" j ^)- 

Scy(G), 

u<£S 

Let T C {v\, . . . ,Vk} (note that T can be empty set). By part (c) of Lemma [2TTT for each S C F(G) 
such that 5 G N(T), we have 

= s(-l)l v ( G \ s V(G \ S)^(H G (S) \ u, x)- 

\w(e uv )\ 2 (-l)^ G \^ Wl (G \ S)» W (H G (S) \ uv, x). 

Furthermore S = {u} U Si for some Si C G \ « and T C 5 X . Also (-l)l y ( G VSOI = 

iui(G \ 5) = wi((G \ u) \ Si) and H G (S) \u = H G \ u (Si). When Si runs through all the subsets of 

V(G \u), T runs through all the subsets of {vi, . . . , v^}. Therefore 

xl E E (-l)l^ s )l Wl (G\SK(ff G (5)\u,x) 

\TC{Ki,..., 1 ; fc }SeJV(T) 

= x I X (-l)l v « G \«)\^l«; 1 ((G\«)\5'iK(ff (£Att) (5' 1 ),x) 

\5iCy(G\n) 

= »('7(w,toi)(G f \it,a;)) . 

Also 

E E E) l^(e^)| 2 (-l)^ (G,XS)l ^i(G\ S 1 )^^^) 

K TC{vi,...,v k } SeN(T)veT 

= J2\w(e uv )\ 2 I J] (-l)l y « G \™)\ 52 )l Wl ((G\H\5 2 )^(^(GW)(52),x) 
\5 2 CV(G\«u) 

= E l' w ( e ™)l 2r /(«>,« I i)(G' \ w,a?), 

where the first equality holds by comparing each term on the left and right sides of the equations: if 
T = then J^veT \w(e uv )\ 2 (-l)\ v( - G \ s ^Wi(G \ S)n w {H G {S) \ uv, x) = 0. So we may assume T / 0. 
For a fixed v E T, the term \w(e uv )\ 2 (— l)\ v ( G \ S "Wi(G \ S)[i w (H G (S) \ uv, x) is on the left side of the 
equation. Note that S = S 2 U {u,v} with S 2 C V(G \ uv). Also (-1)1^(^)1 = 
wi(G \ S) = wi((G \ uv) \ S2) and H G (S) \ uv = H G \ UV (S 2 ). Therefore 

\w(e uv )\ 2 (-l)\ v ^ Wl (G \ S)^ W (H G (S) \ uv, x) = 

\w(e uv )\ 2 (-l)\ v « G \™)\S2)\ Wl{{G \ uv) \ S 2 )fi w (H {G \ uv) (S 2 ), x), 

which is a term on the right side of the equation. It is not hard to see that the terms on the left side 
is in one-to-one correspondence with the terms on the right. 
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Hence we have 7?( Wit0l )(G, x) = (x - wi(u))rj^ Wl )(G \ u, x) - Y^v-u \ w { e uv)\ 2 %w,w 1 ){G\uv,x). 
(d) Note that 

±(r, (wm) (G,x))= (-l) lV{G \ S)l MG\S)^ w (H G (S),x) 

' '' SCV(G) ' '' 

scy(G) u£S 
where the second equality follows from part (d) of Lemma 12.11 Note that 

£ (-1) WGWI^G \ 5) ^ [* w (Hg(S) \ v, x) 
scv(G) veS 

= E ( E (-ij'^^Vccgx^x 50^(^(50, x) 

ueF(G) \5iCV(G\«) 
= E ^(te.toOC^N 

«ev(G) 

where the first equality holds by comparing each term on the left and right sides of the equations: 
for a fixed S and v E S, the term (— l)^ v ^ G \ s ^w\(G \ S)[j, w (Hq(S) \ v,x) is on the left side of the 
equation. Note that S = S x U {v} with S x C V(G \ u). Also (-1)1^5)1 = (.^((GVONSi)!, 
«;i(G \ 5) = wi((G \ v) \ 5i) and fT G (5) \ « = fl" G \ t ,(fl , i). Therefore 

(-1)I^(G\5)I W1 (G \ S)^(H G (S) \v,x) = 

which is a term on the right side of the equation. It is not hard to see that the terms on the left side 
is in one-to-one correspondence with the terms on the right. Hence the proof is completed. □ 

Definition 2.3. An elementary graph is a disjoint union of single edges (-K2) or cycles (C r ). 

A spanning elementary subgraph of a graph is an elementary subgraph that contains all the vertices 
of the graph. 

We denote comp(G) as the number of components in G. 

For convenience, we shall write w{H) = Y\ e &E(H) w ( e ) f° r anv subgraph H of G. 

Let V{G) = {1, 2, . . . , n}. Let v\V2 ■ ■ ■ v m v\, m > 3 be a cycle C in G. We set 

W2{C) = b VlV2 b V2V3 . . . b Vm _ lVm b VmVl + b VlVm b VmVm _ 1 . . . b V3V2 b V2Vl , 

where b uv is the tw-entry in the weighted adjacency matrix Br WjWl \(G). Note that W2(C) = b + b where 
b = b VlV2 b V2V3 . . . b Vm _ lVm b VmVl . So w^iC) is a real number. The following lemma is obvious. 

Lemma 2.4. If the edge weight function w is positive real-valued, then W2{C) > for any cycle C in 
G. □ 

Now let us extend W2 to the union of disjoint cycles. Let C%, C2, . . . , Ck be disjoint cycles in G and 
C = C\ U C2 U • • • U Ck- We set W2(C) = Ilj = i w 2(Cj). We are ready to prove the next lemma whose 
non- weighted version was first observed by Harary [2j Proposition 7.2]. 
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Lemma 2.5. Suppose wi(u) = for all u G V(G). Let T be the set of all spanning elementary 
subgraphs of G and \V(G)\ = n. Then 

detS Kwi) (G) = (-ir^2(-ir m ^\w( 7 \C 7 )\ 2 w 2 (C,), 

where C 7 is the union of all the cycles in 7. In particular det Br w>Wl \ (G) is a real number. 

Proof. Let B {w , Wl) {G) = [b uv ). Recall that det B( w>Wl) (G) = EttgS,, si ^{^) Ul=i b un(u) (see [231 Def- 
inition 1.2.2 on p. 6]) where S n is the set of all permutations on V(G) = {1,2,... ,n}. Note that 
b U u = w\(u) = 0. So the term n«=i ^nvr(w) vanishes if 6 nvr ( u ) = for some u, that is either ir(u) = u, or 
ir(u) 7^ u and e U7r ( u ) is not an edge in G. Therefore each non-vanishing term corresponds to a disjoint 
union of edges and cycles, which is a spanning subgraph of G. Furthermore the tt that corresponds to 
the the non-vanishing term can be written as a product of disjoint cycles of length at least 2 which is 
actually in correspondence to a spanning elementary subgraph of G (the fact that every tt G S n can 
be written as a product of disjoint cycles can be found in [JJ Exercise 1.2.5 on p. 3]). 

Let S C S n be the set of all tt for which J~I u= i fr U7 r(u) 

/ 0. Let / : S ->■ T be defined by f(n) = 7 
where 7 is the spanning elementary subgraph corresponds to tt. Let 7 G T. First let us find nC=i b U ir(u) 
for each 7r G / _1 (7)- Let tt G / _1 (7). Let itiit2 be an edge (K 2 ) in 7. Then in the decomposition 
of tt, it must have the cycle (u\ U2). Let v \v 2 v 3 . . . v m -iv m v\, m > 3 be a cycle in 7. Then in the 
decomposition of tt, it must have either the cycle (i>i ^3 • • • v m ) or (wx t> m t> m -i . . . v 2 ). Note that 
(vi v 2 v 3 . . . Vm)' 1 = (vi v m V m -l ...v 2 ). 

Let 7r 7 G / (7) be fixed. Then 7r 7 = r^r^ . . . t'^t\t 2 . . . t^ 2 where rj is a 2-cycle and Tj is a re- 
cycle, mj > 3. For each tt G / _1 (7), vr = t-Jt^ . . . t'^t^t^ 1 ■ ■ ■ T k \ Therefore sign(7r) = sign(7r 7 ) and 

ir 1 (7)i = 2 fe2 . 

Suppose t[ = (ui u 2 ) (we may assume u± < u 2 ). Then b UlU2 b U2Ul = w(e UlU2 )w(e UlU2 ) = \w(e UlU2 )\ 2 
is a term in n™=i ^un(u)- Note that 7 \ C 7 consists of the union of k\ edges (K 2 ) and each of these 
edges correspond to a rj. Therefore for each tt G f' 1 ^), |w(7 \ C7OI 2 

is a term in J~I U= ^ b ulT ^ u ^ . 

Suppose n = (vt v 2 v 3 ... v m ). Then b VlV2 b V2V3 . . . b Vm _ lVm b VmVl is a term in l\l =l Kk{u)- N °te that 
C 7 consists of the union of k 2 cycles and each of these cycles correspond to a Tj. Therefore if we sum 
up all the tt G / -1 (7), we have 

n 

^2 sign(vr) b uil{u) = sign(vr 7 )|u;(7 \ C 1 )\ 2 w 2 {C 1 ). 

Now let us find sign(-7r 7 ). A cycle in 7 is called an even cycle if it contains odd number of vertices 
and an odd cycle otherwise. A K 2 in 7 is also called an odd cycle. Let the number of even cycles and the 
number of odd cycles in 7 be N e and iV respectively. Then n = N e mod 2. Now sign(-7r 7 ) = (— 1)"°. 
Since comp(7) = N Q + N e , we conclude that sign(-7r 7 ) = (_i) com p(7)+™. Therefore 

n 

J2 sign(^) J] b U7T ( u ) = (-l) com PW +n |u;(7 \ C 7 )| 2 ^ 2 (C 7 ). 
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Hence 



det B (Wjt01 )(G) = sign(vr) JJ 6 M7r(u) 

7rG5 «=1 

n 

= si s n ( 7r ) n 

7GT 7rG/ — 1 (7) «=1 

= ^(-l) comp(7)+r >( 7 \ C 7 )| 2 ™ 2 (C 7 ). 
7er 

□ 

We shall need the following theorem from matrix theory. 
Theorem 2.6. ( \23\ Theorem 7.1.2 on p. 197]) Let B be a n x n matrix. Then 

n-l 

det(x/„ - B) = x n + ^2(-l) n ~ k Yl \B( Ul ,...,u k ; Ul ,...,u k )\x k , 

k=0 \<U\<---<Uk<n 

where B{u\, . . . , u k ; u\, . . . , u k ) is the matrix obtained from B by deleting the u\,...,u k rows and 
u\, . . . , u k columns. Note that B{u\, . . . , u k ;u\, . . . , u k ) is a (n — k) x (n — k) matrix. □ 

Lemma 2.7. Suppose Wx(u) = for all u G V(G). Let Tj be the set of all elementary subgraphs 
of G with n — i vertices and (j>f WjWl )(G,x) = Ylr=o c r xT > where n = \V(G)\. Then c n = 1 and for 
i = 0, . . . , n — 1, 

« = ^(-ir m PWh( 7 \C 7 )| 2 u; 2 (C 7 ), 
where C 7 is the union of all the cycles in 7. In particular c n _i = 0. 

Proo/. Let B = B {WjWl) (G) and V(G) = {1,2,..., n}. By TheoremESl 

n-l 

4>(w,wi){G,x) = det(xl n — B) = x n + J2(-l) n - k \B(ui,...,u k \ui,...,u k )\x k . 

k=0 l<wi<---<Wfc<n 

If H(ui,...,u k ) = G \ ui ■■ -u k then B^ wwl) {H{ui, . . . , u k )) = B(m, . . . , u k ; m, . . . , u k ). By Lemma 

Y, \B(ui, ...,u k ; Ul ,...,u k )\ = Y (-l) comp(7 V(7 \ C 7 )| 2 «; 2 (C 7 ). 

i<ui<— <u A <n 7er fe 

Therefore 

^ Kwi) (G,x)=^ + £ ( ^(-l) com PW|u;( 7 \C7 7 )| 2 ^ 2 (C 7 ) ] z fc . 
Hence the lemma holds. Finally c n -\ = because r n _i is the empty set. □ 
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Lemma 2.8. Suppose w\{u) = for all u G V(G). Let T(c) be the set of all elementary subgraphs of 
G which contains only cycles. Then 

J> {w , Wl) (G,x)=v w (G,x)+ E (-ir m ^w 2 (C) f i w (G\C,x). 

c*er(c) 

In particular <t>( w>Wl )(G, x) is a polynomial over the field of real number R. 

Proof. Let |V(G)| = n and 4> w (G,x) = Ylr=o c r xT ■ By Lemma [2T71 c n = 1 and for i = 0, . . . , n — 1, 
Q = ^ 7er .(— l) comp ( 7 )|w(7 \ Gy)\ 2 W2(Gy), where Tj is the set of all elementary subgraphs of G with 
n — i vertices and C 7 is the union of all the cycles in 7. Also c n _i = 0. 

Let Tj(l) = {7 G Tj : 7 does not contain any cycle} and Tj(2) = Tj \ rj(l). Let 5(7) = 
(_l)com P ( 7 )m 7 \ C T )| 2 xt; 2 (C^). Then 

n-2 n-2 

^(w,wi)(G, = x n + E E 9(l)x r + J2 E 3(l)x r . 

r=o 7 er r (i) r=o 7 er r (2) 

Note that 

E E 5(7K = E E 5(7)x"- r . 

r =o 7 er r (i) r=2 7G r n _,.(i) 

Now if 7 G T n _ r (l) then C 7 = and comp(7) is the number of K2 in 7. Therefore |w(7\C 7 )| 2 t(;2(C 7 ) = 
l w (7)| 2 ) 7 is a (r/2)-matching in G and the number of vertices in 7 is r = 2comp(7). This means that 
if r is not even then the coefficient of x n ~ r is zero. Furthermore if 7,7' G r n _ r (l) then comp(7) = 
comp(7'). Let d = comp(7). Then 

n n 

E E s(7)* n ~ r = E E (-i) comp(7) M7)iv- r 

r=2 7 gr n _ r (l) r=2 76 r n _ r (l) 

in/2] ( \ 

= E(- i n E H^)i 2 h 

d=l \M£M d (G) 



n~2d 



and by Lemma [TTT 



Next 



n-2 

x "+E E s(tk = ^(g,.). 

r=0 7 gr r (l) 

E E 5(7K = E E 9{l)x n ~ r . 

r=0 7G r r (2) r=2 7G r n _,.(2) 

For each 7 G r n _ r (2), C 7 G T(c). We shall partition r n _ r (2) according to C G T(c). Let 

r n _ r (2)(C) = {7 G T n _ r (2) : 7 contains C and 7 \ C is a disjoint union of K2}. 

Then {r n _ r (2)(C)}<7 gr (c) is a partition for r n _ r (2). If 7 G r n _ r (2)(C) then comp(7) = comp(C) + 
comp(7 \ C) and the number of vertices in 7 is r = 2comp(7 \ C) + |V(C)|. This means that if 
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r ^ |V(C)| mod 2 then the coefficient of x n r is zero. Furthermore if 7,7' G r n _ r (2)(C) then 
comp( 7 \C) = comp(y \ C). So, 7 \ C and 7' \ C are ((r - |F(C)|)/2)-matching in G \ C. Let 
d = comp(7 \ C). Then by Lemma ll.l( 

n 

Y y ad)x n - r 

r=2 7 gr n _ r (2) 
n 

= E E (-l) C ° mp(7) k(7\C 7 )| 2 u; 2 (C 7 )x"- r 
r=2 7e r„_ r (2) 

n 

= E E E (-i) comp(7 V(7\c 7 )i 2 ^ 2 (c 7 )x— 

r=2 cer(c) 7 er n _ r (2)(c) 

n 

= E E E (-l) comp(C)+c ° mp(7VC ' ) k(7\C 7 )| 2 u; 2 (C' 7 )x n - r 
r=2 cer(c) 7 er n _ r (2)(c) 

n 

= Yj (-l) comp(C) ^2(C) (-l) comp ^\ c V(7\C , )| 2 x n - r 
r=2cer( c ) 7 er„_ r (2)(c) 

n 

= y (-iy omp(c) Mc)Y E {-iy omp( ^ c) \w(-f\c)\ 2 x n - r 

cer(c) r=2 7G r„_ r (2)(c) 

L(n-|V(C)|)/2j / 

= y (-ir mp(c) w 2 (c) Y E h m )i 

Cer(c) d=0 \M£M d (G\C) 

= Y (-l) comp{C) W2(C)v w (G\C,x). 
cer(c) 

Hence the theorem holds. □ 

We wish to show that similar equation (Lemma l2.8p holds even when w\[u) 7^ for some u G V{G). 
This will be done in Theorem 12.101 Before we do that, let us first prove Lemma 12.91 



2 I x n-\V(C)\-2d 



Lemma 2.9. Let u G V{G). Let G± be a graph isomorphic to G. We shall assume V{G\) = V{G), 
E{G\) = E(G) and the weight function (t, t\) on G\ is defined by t(e vv i) = w(e vv i) for all e vv i 6 E{G\), 
ti(u) = and ti(v) = wi(v) for all v G V(Gi) \ {u}. 

Let G2 = G\u. Then 

V( w , Wl )(G,x) = f?(t,ti)(G'i,x) -w 1 (u)n {W:Wl) (G 2 ,x). 

Proof. Note that 

V( WjW1 )(G,x) = Y (-^ lV(GXS)l MG\S) t x w (H G (S),x)+ 



SCV(G), 



J2 (-l)^ G \^ Wl (G\S)fi w (H G (S),x). 



SCV(G), 
u<£S 
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For each S C V(G) with u e S, (-1)\ V ( G \ S )\ = ? y 5) = \ 5) and 

Hq 1 (S). Therefore 

£ (-l)IW)l ffil (G\ S)» W (H G (S), x) = 



SCV(G), 



j2 (-i)\nGAs)\ tl{Gl \ s)fXt{HGi{s)jX) 



SCV(Gi), 



By LemmaETl tj^Gux) = Escv(G 1 ),u G s(- 1 ) |V(GAS)l *i(G ! i \ 5)/^(^ Gl (S), x). 

For each 5 C V(G) with u £ S, (-l)l y ( G \ s )l = -(-l)\v(G 2 \S)\^ W ^ G y ^ = ^(^^(^ \ 5) an d 
F G (,S) = # Ga (5). Therefore 

£ (-1)1^1^(0 \ S^iHaiS), x) 

SCV(G), 

scy(G 2 ) 
= --u;i(n)r/ (WiWl) (G2,x), 

and rj iw>Wl) (G,x) = r/ (iitl) (Gi, z) - ^i(«)r/( W)TOl )(G 2 , x). □ 
Theorem 2.10. LetT(c) be the set of all elementary subgraphs of G which contains only cycles. Then 

<f> (w , Wl) (G,x)=r, iWjm) (G,x)+ (-ir mp{C) MC)V( w , Wl )(G\C,x). 

cer(c) 

In particular <t>( w>Wl )(G, x) is a polynomial over the field of real number R. 

Proof. Let V(G) = {1, 2, . . . , n}. Let the number of non-zero in the sequence itfi(l), w>i(2), . . . , w\(n) 
be denoted by k(G). We shall prove by induction on n(G). If n(G) = 0, that is w\{j) = for all j, 
then the theorem holds (Lemma 11.61 and Lemma \2.8\i . Suppose k(G) > 0. Assume that the theorem 
holds for all graph G' with k(G') < k(G). 

For convenience, we shall assume wi(l) 7^ (similar argument can be used if wi(u) 7^ for other 
u). Note that 

(x-wx(l) -w(ei 2 ) ... -w(ei n )\ 



(w,wi) 



X )(G, x) = det 



-w(e 12 ) x-w 2 {2) ... -w(e 2n ) 



\-w(e ln ) -w(e 2n ) ... x-wi{n)J 
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So by Theorem 1.2.5 on p. 10 of [23J 



(t>(w,m)(G,x) = det 



/ x -w(ei2) 
-w(e 12 ) x-wi(2) 



-w(ei n ) \ 
-w(e 2n ) 



\-w(ei n ) -w(e 2n ) ■ 

<—wi(l) —w(ei 2 ) 
x-w 1 {2) 



+ 



det 



x — wi(n) J 
-w{e\ n ) \ 



-w(e 2 



\ -w(e 2n ) ■■■ x-wi{n)J 

Let Gi be a graph isomorphic to G. We may assume V(G\) = V(G) and E(G\) = E(G). Now let 
us define the weight function (i,ii) on G\. Set t(e uv ) = w(e uv ) for all e uv £ E(G\), t\(l) = and 
t\{j) = wi(j) for all j > 2. Then 

/ x -w(ei 2 ) ... -w(ein) \ 
-w(e 12 ) x-wt(2) ... -w(e 2r , 

: M ){Gi,x) = det 



\-w(e ln ) -w(e 2n ) ... x-wi(n)J 

and by induction (for k(G\) < k(G)), 

^ t>tl) (G 1 ,x)=r Ktttl) (G 1 ,x)+ {-l) oampiG) w 2 (Cf)T Ktitl) (G 1 \C,x). 

cer(c) 

Let G 2 = G\1. Then 

(x- wx(2) ... -w(e 2n ) 
: '•• : 

-w(e 2n ) ... x-wx(n)j 

and by induction (for k(G 2 ) < k(G)), 

<P iw , Wl )(G 2 ,x)= V(WtWl) (G 2 ,x)+ Yl (-^ cotapiC) W2(C)v( w , m )(G2\C,x), 

cer 2 (c) 

where T 2 (c) is the set of all elementary subgraphs of G 2 which contains only cycles. 

Note that (G, x) = (Ml) (Gi, x) - wi{l)4>{w, Wl ){G 2 , x) and by Lemma ESJ rj(w, Wl )(G, x) 

»7(*,*i)(Gi,sc) -w 1 (l)r] {WtWl) (G 2 ,x). 

Next note that 

E (-ir^Mc^t^Gt \c,x) = 

cer(c) 



cer(c) 



£ (-ir^^fc^^GAc,,). 



cer(c) 
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For each C 6 T(c) with 1 £ C, we have G\\C = G\C (including the weight functions induced by it 
on the remaining vertices and edges in G\C). Therefore r/( tjtl )(Gi \C,x) = n^ w ^ w ^(G\C, x). For each 
C G r(c) with 1 i C, we have i](w,wi)( G \ C i x ) = V(t,ti)( G l \C,x) - w 1 (l)i] {WjWl) (G 2 \ C,x) (Lemma 
[2^1 . Therefore 

E (-l) c ° mp(C Wc^K^( G \^) = 
cer(c) 

1GC 

E (-i) comp(c Wcow G i\^)> 

cer(c) 
lec 

and 



E (-l) COffip(C) ^(C) ?)(t0 , Ul) (G\C,,) = 
cer(c) 

CeT(c) 
lie 

Wl (l) E (-ir mp(C) w 2 (C)ri {w , Wl) (G 2 \C,x). 
c*er 2 (c) 

Thus 



E (-l) comp(C) W2(C)r ?(t „, ffil) (G\C,i) = 
c*er(c) 

E (-l) comp{C) ^2(C)7 7 ( t)tl )(G 1 \ C,x)- 
c*er(c) 

^(i) e (-ir^^^^^^vcx), 

cer 2 (c) 

aud^ (tt>1Ul )(G,x) =^o(G,x)+Ec e r( c )(-r mp(C) »2(%,„o^ □ 

Example 2.11. Let G and (w,t^i) be as in Example 11.51 Note that the only element in T(c) is 
G. Now t]( WtW1 )(0,x) = 1, w 2 (G) = b VlV2 b V2V3 b V3V1 + b VlV3 b V3V2 b V2V1 = (1 + 2i)(2 - 7«)(— 3 - 2i) + 
(-3 + 2i)(2 + 7i) (1 - 2t) = -108. By Example CDS V(w, Wl ){G,x) = x 3 - 6x 2 - 60x + 88. So by 
Theorem EEl (f)( WiWl )(G, x) = x 3 - 6x 2 - 60x + 88 + (-1)(-108) = x 3 - 6x 2 - 60x + 196 (see also 
Example [LH]). □ 



The following corollary follows from Theorem 12.101 
Corollary 2.12. If G is a disjoint union of trees (forest) then <p^ w ^ Wl ^G , x) — 'H(w,wi) 

(G,x). □ 



Note that the converse of Corollary 12.121 is not true in general (see Example I2.13P . However if the 
edge weight function is positive real- valued then it is true (Corollary I2.14j) . 
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Example 2.13. Let G be the graph in Figure 5, V(G) = U2, u 3i u 4> u 5} an d (w,Wi) be as stated. 
Here we assume u\ = 1, ui = 2, U3 = 3, U4 = 4 and U5 = 5. Note that 



<l>(w,wi) 



det 



x-2 


-1 


1-z 





\ 


-1 


x — 3 


-1 








1 + i 


-1 


x — 4 


-1 


-1 








-1 


x-2 


-1 








-1 


-1 


x-2,) 



that is 4>{w, Wl ) {G, x) = x 5 — 14x 4 + 70a; 3 — 152x 2 + 135x — 35. Now by using the recurrence in Theorem 



)(G,x) 
G is not a forest. 



14x + 70x — 152x + 135x — 35. Therefore 4>( WtWl ) (G, x) = rjf W)Wl \(G, x) but 




Figure 5. 

□ 

Corollary 2.14. Suppose the edge weight function w of G is positive real-valued. Then G is a disjoint 
union of trees (forest) if and only if 4>( W!Wl ) (G, x) = i]r WiWl \(G, x). 

Proof. By Corollary 12.12} it is sufficient to prove that if (f>( WtWl )(G,x) = Tjr WiWl \(G,x) then G is a 
forest. 

Suppose G is not a forest. By Theorem 12. 101 

<f>(v,,vn)(G,x)=T KvijVn) (G,x)+ J] (-iy o ^w 2 (C)r ](w , Wl) (G\C,x). 

cer(c) 

Therefore Ecer( c )(- 1 ) C ° mp(C)w 2(C)7 ?(u , >tt)l) (G \ C, x) = 0. Let C be the cycle of the least length in G. 
Suppose there are exactly m cycles of such length. Let it be denoted by C\, . . . , C m . Let us look at 
the coefficient of x™ - '^ 1 '. Now the summation over all Cj, i = 1, . . . , m, contribute to the coefficient of 
x n~\d\_ j£ qi g T(c) and C' 7^ Cj for all i = 1, . . . , m, then it does not contribute to x n > Gl \ because 
its length is greater and the degree of T)r WiW1 \(G \ C',x) will be less than x n ~^ Cl ^ (Lemma II. 8D . Each 
of the Cj contributes exactly — ^(Cj) 7^ (by Lemma f2.4l W2{Ci) > 0). Therefore the coefficient 
of x n -\ c ^\ is - YT=i MCi) + and Ecer(c)(- 1 ) C ° mp(C)w 2(C)^ !l „ 1 )((? \ C,x) + 0, a contradiction. 
Hence G is a forest. □ 

Note that Theorem 12.101 and Corollary 12.141 are generalizations of Theorem 4 of [8] and Corollary 
4.2 of [HJ, respectively. This can be seen by taking w(e) = 1 for all e G E(G) and wi(u) = for all 
u G V(Gr), and noting that 4>( w , Wl )(G, x) is the usual characteristic polynomial of the adjacency matrix 
of G (also together with Lemma 11.31 and Lemma ll.6p . 

Now let us discuss the 'ordering' in V(G). Before we move on to the next two corollaries, it is a 
good idea to look at Example 11.131 again . Now Corollary 12.151 follows from Corollary 12.121 and Lemma 

Em 
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Corollary 2.15. Let G\ and G2 be forests with weight function (w,Wi) and {w',w^), respectively. If 
G\ is weight-isomorphic to G2, then (/)(,„ m )(Gi,x) = 4>( w >,w' 1 )(G2, x). □ 

Corollary 2.16. Let G\ and G2 be graphs with weight function (w,wi) and (w',w'-,), respectively. If 
G\ is weight-isomorphic to G2 and the edge weight functions w, w' take non-zero real number, then 
( t ) {w,w 1 ){Gi-,x) = (f)( wljW/i )(G 2 ,x). 

Proof. If Gi is a forests then G2 is also a forests. So we are done by Corollary 12.151 Suppose G\ is 
not a forests. Then G 2 is also not a forests. Furthermore every cycle in G\ is also a cycle in G2. Now 
let us look at the value W2(C). 

Suppose C = v±V2 ■ ■ ■ v m vi, m > 3, is a cycle in G\. Then 

w 2 (C) = b VlV2 b V2V3 . . . b Vm _ lVm b VmVl + b VlVm b VmVm _ 1 . . . b V3V2 b V2Vl 
= 2b VlV2 b V2V3 . . . b Vjn _ lVm b VmVl 
= 2w{e VlV2 )w{e V2V . A ) . . . w(e Vm _ 1Vm )w(e VmVl ) 
= 2w(C), 



where the second and third equalities follow from the fact that b VjVj+1 = b Vj+lVj = w(e VjVj+1 ) (for the 
edge weight function w take non-zero real number). 

Suppose C is a disjoint union of k cycles C%,...,Ck- Then w 2 (C) = W2(C%) ... W2(Ck) = 
2 k w{C 1 ) . . . w{C k ) = 2 k w{C). So the value of w 2 {C) is equal to 2 comp ^ times the product of all the 
weights on the edges in C. 

Similarly w' 2 {C) is equal to 2 comp ^ times the product of all the weights on the edges in C. 
Therefore w' 2 (C) = W2{C). It then follows from Theorem 12.101 and Lemma [1.101 that (f>( w , Wl )(Gi,x) = 

4>{w',w' 1 ){G2,x). □ 

The next corollary follows from Corollary 12.121 and the fact that all eigenvalues of a Hermitian 
matrix are real (see |23[ Theorem 7.5.1 on p. 209]). 

Corollary 2.17. If T is a tree then the roots of f]{ w ^ W \){T, x) are real. □ 

Now if w\{u) = for all u G V(T), we can say further on where it's roots lie. This will done in the 
next corollary. 

Corollary 2.18. Let T be a tree. Suppose w\{u) = for all u £ V{T). If the maximum valency A of 
T is greater than 1, then the roots of n^ W Wl ^(T,x) lie in the interval [— 2bo\/ A — 1, 26oV A — 1], where 
b = max e6E(T) \ w(e)\. 

Proof. First note that ^(^^^(T, x) = ri( W)Wl ){T,x) = fi w (T,x) (Corollary 12.121 and Lemma [L6]) . Let 
B = B( W)V)1 )(T) = [b uv \. Then b uu = for all u. Let 60 = max,^ \b uv \. Then bo = max eeE ( T ) \w(e)\. 
Let C = [c uv ] where c uv = if b uv = and c uv = 60 if b uv / 0. Set u>o(e) = 1 for all e £ E(T). Then 
C = boB( WO Wl j(T). Let Br WOjWl )(T) = [d uv ]. Note that Bf Wo>VJ1 \(T) is the adjacency matrix of T. 

Now let A be an eigenvalue of B and xq = (x\, . . . ,x n ) be its corresponding eigenvector. Then 



|A| 



Ylk=l °uk x k 

mm — — 

l<u<n,x u j^0 X u 



^ u ■ Sfe=l d u k\xk\ , , 

< 60 mm — ^^-p — j < bor, 
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where r is a positive eigenvalue of B( WQiWl <)(T) for which the absolute value of any eigenvalues of 
Bf WQiWl \(T) is at most r (see the discussion on p. 534, Proposition 2 on p. 535 and Theorem 1 on p. 
536 of [20]). By Theorem 6.3 on p. 87 of [5J, r < 2^/A^T. Hence |A| < 2b ^/A^T. □ 

3 The Path-tree 

The notion of a path-tree of a graph was first introduced by Godsil O Section 2] (see also [SJ Section 
6.1]). Let G be a graph with a vertex u. The path-tree T(G, u) is the tree with the paths in G starting 
at u as its vertices, and two such paths are joined by an edge if one is a maximal subpath of the other. 
The vertex u is itself a path, and so it is a vertex of T(G, u) and will also be denoted by u. Now let us 
assign the weight to T(G,u). Note that two vertices, p\ and p2 in V(T(G, u)) are joined by an edge 
if and only if p\ = P2UV or p2 = p\uv for some edge e uv S E(G). We set w T (e piP2 ) = w(e uv ). 

Let p be a vertex in T(G, u). If p = u, we set wf(p) = wi(u). If p is a path with length at least 1, 
then we set wf(p) = wi(v), where v ^ u is an endpoint of p. 

So for each graph G and weight function (w, wi), there corresponds a path-tree T(G, u) and weight 
function (w T ,Wi). For convenience, when there is no confusion, we shall write w T as w and wj as 

Note that if G is a tree, then G is weight-isomorphic to T(G, u). This can be seen by part (b) of 
Lemma 2.4 of [6] and keeping track of the weights on the edges and vertices. 

The next theorem is a generalization of Theorem 2.5 of |6j. However it's proof is similar to that 
in [6]. In fact it can be proved by using Lemma 2.4 of [6] and Theorem 12.21 The details of the proof 
are omitted. 

Theorem 3.1. Let u be a vertex in G and T := T(G,u) be the path-tree of G with respect to u. Then 

V(w, Wl )(G\u,x) _ V( w , Wl )(T\u,x) 

□ 

The next corollary follows easily from Theorem 13.11 For the sake of completeness, we shall give a 
proof. 

Corollary 3.2. Let G be a connected graph and u be a vertex in G. Let T = T(G,u) be the path tree 
ofG. Then i] {WyWl) (G,x) divides r]( WiWl) (T,x). 

Proof. If G is a tree then by part (b) of Lemma 2.4 of [6], we deduce that G is weight-isomorphic to T. 
It then follows from Lemma [LIO] that r]^ w ^ Wl ^(G, x) = i]^ w ^ Wl ^(T, x). Hence the corollary holds. We may 
assume inductively that the corollary holds for all connected subgraphs of G. Let G\u = HiU- ■ -DH^ 
where H\, . . . , Hk are components of G\u. Then by part (a) of Theorem 12.21 

k 

)(G\u,x) = Yl )(Hj,x). 

For each j, let vj £ V(Hj) be such that e UVj is an edge in G. By part (c) of Lemma 2.4 of [SJ, 
we deduce that (keeping track of the weights) the component of T(G, u)\u that contains the vertex 
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Pq = uvj is isomorphic to the path tree T(Hj,Vj). Note also that T(G\ u,Vj) = T(Hj,Vj). Therefore 
by part (a) of Theorem [221 we deduce that Ytj=i V(w,wi)(T(G\u, Vj), x) divides r]^ W}Wl ^(T(G,u)\u,x). 
By induction hypothesis, n^ WWl ^(Hj,x) divides rj^ WWl ^(T(Hj,Vj),x). Therefore T]( WjW1 )(G\u, x) divides 
V(w, Wl )(T(G,u) \ u,x). By Theorem 

V( w ,w 1 )(G\u,x) _ r] (WtWl) (T\u,x) 
V(w, Wl )(G,x) %w, Wl ){T,x) 

Hence V(w, Wl ){G,x) divides V(w,wi){T,x). □ 

The following two corollaries follows from part (a) of Theorem 12.21 Corollary 13.21 Corollary 12.171 
and Corollary EH 

Corollary 3.3. Let G be a graph. Then the roots of r]^ w wl ^(G,x) are real. □ 

Corollary 3.4. Let G be a graph. Suppose w\(u) = for all u G V(G). If the maximum valency A of 
G is greater than 1, then the roots of rj^ WWl ^(G,x) lie in the interval [— 2bo\/ A — 1, 2bo\/ A — 1], where 
b = max eeB(G) \w(e)\. □ 



4 Vertex classification 



The following lemma can be deduced using equation (2) on p. 29 of [5] (see the proof of Theorem 5.3 
on p. 29 of [5] for the details). 

Lemma 4.1. Let B = [b uv ] be annxn Hermitian matrix. Let Ai, A2, • • • , A n be all the eigenvalues of B 
with Ai > A2 > • • • > A n . Let 61,62, ■ ■ ■ , Q n -\ be all the eigenvalues of B(u; u) with 6\ > 62 > • • • > n -l 
(B(u;u) is the matrix obtained from B by deleting the u row and the u column). Then 

Ai > 6\ > X2 > 62 > • • • > A„_i > 6 n -i > A n . 

□ 

Lemma 4.2. Let u G V(G) and 6 be a real number. Then 

mult(0,G,77 {tl))mi )) - 1 < mult(0,G\u,7/( W)ll)1 )) < mult(0, G, T)( WtWl )) + 1. 

Proof. By Theorem 13.11 

V(w, Wl )(G\u,x) _ V( WtWl )(T\u,x) 
(G (T,x) 

Let rj( W Wl }(G\u,x)/r]( w wl }(G,x) = (x — 6) r h{x) / g{x) where h(x) and g(x) are polynomials such that 
h(8) and r = mult(0, G \ u, r)(w,wi)) ~ mult (6, G, V(w, Wl ))- 

By Corollary EHS 4> {WjWl) (T,x) = V( w , Wl )( T , x ) and 4> {WjWl) (T \ u,x) = rj (WtWl) (T \ u,x). Let 
mult(0, T, 7?( TO)TO1 )) = m. By Lemma l4"7Tj we deduce that m — 1 < mult(0, T\u, r]r WtWl -\) < m + 1. Now 
^{w )Wl ){T\u,x)/r] {W)Wl) (T,x) = (x-6) r h(x)/g(x) with r = mult(0, T\u, r?( Wilwl )) — mult(0, T, ?7( TO)W1 )). 
So, —1 < r < 1 and the lemma holds. □ 

The following definition is motivated by Lemma 14.21 and followed Godsil's approach [7-, Section 3] 
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Definition 4.3. For any u G V(G), 



(a) u is (9, w, wi)- essential if mult(0, G\u, r)r WjW1 \) = mult(0, G, T7(„, )1in )) — 1, 

(b) u is (6*, u;, w\)-neutral if mult(6>, G\u, rjr WiWl \) = mult(0, G, 

(c) u is (0, ui, wi)-positive if mult(0, G\u, r]r WtWl \) = mult(0, G, 7/r 1U)tUl )) + 1. 

Furthermore if u is not (0, w, u>i )-essential but it is adjacent to some (0, w, )-essential vertex, we 
say u is (9, w,wi)- special. A graph G is said to be (9, w,w\)- critical if all vertices in G are (9,w, un- 
essential and mult(0, G, r)r WjWl \) = 1. 

The following lemma is a generalization of Lemma 3.1]. However, its proof is similar to that in 
[7]. In fact we just need to compare the multiplicity of 9 as a root on both sides on the equation in 
part (d) of Theorem 12.21 The details are omitted. 

Lemma 4.4. For any graph G, it has at least one (9, w,wi)- essential vertex provided that 9 is a root 
ofV(w, Wl )(G,x). □ 

The next lemma is a generalization of the Heilmann-Lieb equation Lemma 2.4] (see also [9j 
Theorem 6.3] and Lemma 4.1 on p. 104]). This can be seen by taking w(e) = 1 for all e G E(G) 
and w\(v) = for all u G V(G) (also together with Lemma 11.31 and Lemma ll.6p . It can be proved by 
using induction on the number of edges and Theorem 12.21 (following a similar argument as in [5]). 

Lemma 4.5. Let u,v G V{G) and u^v. Then 

)(G\u, x)r]( w ^(G \v,x)- r]( WjWl) (G, x)r^ WyW ^(G \ uv, x) = 

Yl {\ w (p)\V(w, Wi )(G\p,x)) 2 , (*) 
pePuv(G) 

where P UV (G) is the set of all the paths in G that have u and v as endpoints. □ 

The next corollary is a generalization of Corollary 2.5]. It is a consequence of Lemma 14.51 and 
Lemma 14.21 (following a similar argument as in [7j). The details are omitted. 

Corollary 4.6. Let p be a path of length at least 1 in G. Then 

mult(0, G\p, > mult(0, G, V(w, Wl )) ~ 1- 

□ 

Corollary 4.7. Let G be a graph. Then 

(a) the maximum multiplicity of a root of rjr W Wl \(G,x) is at most equal to the number of vertex- 
disjoint paths required to cover G, 

(b) the number of distinct roots of f]( WiWl )(G,x) is at least equal to the number of vertices in the 
longest path in G. 
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Proof, (a) Let pi, ... ,Pk be all the vertex-disjoint paths that cover G. By Corollary 14.61 and Lemma 
14.21 (in the case if pj is a single vertex), we have mult(6',G \ p\, > mult(9,G,r]^ w wl ^) — 

1 and inductively mult(#, G \ {p\ U • • • U Pk-i U Pk), ^(w^x)) > mult (5, G, rjt WjW1 \) — k. Note that 
mult(6»,G \ (pi U • • • Upn Up fe ),7/( WiMl )) = 0. Hence mult(6», G, < fc. 

(b) Let p be a path in G. Let be the set of all distinct roots of rj( W:Wl }(G, x). Now mult(#,G \ 
)) > mult(6*,G,r/( u , i ^ 1 )) - 1 (Corollary |L6] and Lemma|L2]) implies that 

^2mult{e,G\p,r] {WtWl) ) > ^mult(6»,G,r/ (WiWl) ) - |9|. 
flee oee 

Since ^e G e m ult(6», G \ p, V(w, Wl )) = V{G\p) and ^e G e m ult(6», G, r/ (u) Wl) ) = F(G), we have |G| > 
\V(p)\. □ 

Definition 4.8. A path p in G is said to be (9, w,wi)- essential if 

mult(6>, G\p, 7] {W)Wl) ) = mult(6», G, V(w, Wl )) ~ 1 - 
So if a path g is not (9, w, wi)-essential, then mult(6>,G\ q,i]( w , Wl )) > mult(0, G, r]r WjWl -\) (Corollary 

USD. 

Part (a) and (b) of the next lemma are generalizations of [7, Lemma 3.2] and [7J Lemma 3.3], 
respectively. However their proofs are similar to that in [7]. In fact for part (a), it can be deduced 
from part (c) of Theorem 12.21 and Corollary 14.61 whereas for part (b), it can be deduced from Lemma 
14.51 and Lemma 14.21 The details are omitted. 

Lemma 4.9. Let G be a graph and 9 be a root of n^ W Wl ^(G,x). Then 

(a) for any (9, w, wi)-essential vertex u with 9 ^ wi(u), there is a vertex v such that the path p = uv 
is (9, w,wi) -essential, 

(b) if u is not (9, w, wi) -essential, then for any path p that ends with u, p is not (9, w, w{) -essential. 

□ 



5 Gallai-Edmonds decomposition 

We shall begin by showing that a (9, w, it;i)-special vertex is (9, w, u>i)-positive. This is a generalization 
of Corollary 4.3 of [7]. 

Lemma 5.1. Let u G V(G). If u is (9, w,w\)- special then u is (9, w,wi) -positive. 

Proof. By Definition 14.31 there is a (9, w, u>i )-essential vertex v such that e uv 6 E(G). Since u is 
not (9, w, f«i)-essential, by part (b) of Lemma \A.9\ the path p = uv is not (9, w, u>i)-essential. By 
Corollary 14.61 (see also Definition I4.8p . mult(0, G \ uv , rjf WtW1 \) = mult(6>, G \ p, r/( w > k where 
k = mult(0,G 

iV(w,wi))- Also u is either (9, w, i/Ji)-positive or (9, w, u>i)-neutral (Lemma 1^2]) . 
Suppose u is (9, w, ^i)-neutral. Then mult(6>,G \ u,rj^ WtWl -j) = k. Now the multiplicity of 9 
as a root of Ti{w,w{) 

(G \ u,x)r]( WtWl )(G \ v,x) is exactly 2k - 1 and the multiplicity of 9 as a root 
of r]( WiWl -)(G,x)r]( WjWl }(G\uv,x) is at least 2k. This implies that the multiplicity of 9 as a root of 
SpeP I1 „(G)(l w (^)l 7 ?(»",«'i)( ( ^'\-P' x )) 2 * s 2^ — 1 (Lemma |4.5|) which is a contradiction since the multiplicity 
of 9 as a root of ]C p gp 11 „(G)(l' u; (^)l r ?(«',«i>i)( < ^ \ P' X )) 2 ^ s a * least 2k. Hence u is (9, w, tt;i)-positive. □ 
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By Definition 14.31 and Lemma 15.14 we have 

,W,Wl) 

(G) U N {e (G), 

where 

D($ jW , Wl )(G) is the set of all (9, w, u>i)-essential vertices in G, 
A(q w ^ Wi }{G) is the set of all (#, w, u>i)-special vertices in G, 
^(9,uj,tci)(G) is the set of all (9, w, wi)-neutral vertices in G, 

p {e,w, wl ){G) = Q(e,w, Wl )(G)\A^ :WjWl) (G), where Q(g, W)Wl )(G) is the set of all (0, w, wi)-positive 
vertices in G, 

is a partition of V(G). 

The following lemma is a generalization of Theorem 4.2 of [7j and it's proof is similar to that in 
[7]. In fact for part (a), it can be deduced from Lemma |4"T2| whereas for part (b) and (c), it can be 
deduced by comparing the multiplicity of 9 as a root in the equation (*) of Lemma 14.51 The details 
are omitted. 

Lemma 5.2. Let mult(#, G, r]( WiWl )) = k and v £ V(G) be (9, w,wi) -positive. Then 

(a) if u is (9, w,w\)- essential in G then it is (9, w,w\)- essential inG\v, 

(b) if u is (9 , w , w\) -positive in G then it is {9, w,w\) -essential or (9, w,wi) -positive inG\v, 

(c) if u is {9 , w , w\) -neutral in G then it is (9, w,wi) -essential or (9 , w , w±) -neutral inG\v. □ 

The following lemma can be proved similarly by comparing the multiplicity of 9 on both sides of 
(*) of Lemma 14.51 (see [3, Proposition 2.9]). 

Lemma 5.3. Let mu\t(9,G,r]^ W Wl ^) = k and v S V(G) be (9, w,wi) -neutral. Then 

(a) if u is (9,w,wi)-essential in G then it is (9, w,w\)- essential inG\v, 

(b) if u is (9, w,w\) -positive in G then it is either (9, w,wi) -positive or (9, w,wi) -neutral inG\v, 

(c) ifu is (9, w, wi)-neutral in G then it is either (9, w, w\)-positive or (9, w, w\)-neutral in G\v. □ 

Lemma 5.4. Let v, z be (9, w, wi)- essential in G and mult(0, G\vz, r]^ WWl ^) > mult(#, G, r]( WiWl )) — 1. 
If p is a path in G with endpoints v and z, then p is (9 , w , wi) -essential in G. 

Proof. Note that the multiplicity of 9 as a root of i]^ w ^ Wl ~j (G \ z,x)r]( WtWl )(G \ v,x) is 2k - 2, where 
k = mult(6>, G, r]!w,wi))- Also the multiplicity of 9 as a root of r]^ W Wl ^(G, x)r]r WjWl \(G \ vz,x) is at 
least 2k — 1 (for mult(#, G \ vz, > k — 1). This implies that the multiplicity of 9 as a root of 

E ge p„ z (G) (\ w (<l)\ r l(w,tu 1 )(G\ q,x)) 2 \s2k-2 (Lemma S3]). Thus mult(0,G\ q,V(w, Wl )) = k - 1 for 
all q G P VZ (G); in particular mult(0, G \ p, r}f W)Wx \) = k — 1, i.e. p is (6>, w, u>i)-essential (Definition 
P|h □ 
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The next lemma is somewhat similar to [3j Lemma 4.1]. Basically it is the essence of [3j Lemma 
4.1, Lemma 4.2 and Lemma 4.3]. 

Lemma 5.5. Let u,v,z £ V(G) be such that u is adjacent to v and z. Suppose u is (9, w,wi)- special 
and v is (9, w, w\)-essential in G. Let G' = G — e uz . Then mult(0, G', r]f W)Wl \) = mult(0, G, W^W)), u 
is (0, w,wi) -positive in G' . Furthermore if the path p = vuz is not (8,w,wi)-essential in G, then u is 
{9, w,w\)- special in G' . 

Proof. Let mult(0, G, r)r w Wl \) = k. Then mvlt(9,G\u,r]( WtV]1 \) = k + 1 and mult(0, G \ v, i]( WtV]1 \) = 
k — 1. It is not hard to deduce from Lemma 14.21 Lemma 15.11 and part (a) of Lemma 15.21 that 
mult(0, G \ uz, i]^ WjWl )) > k, mult(0, G \ uv, = k. 

Now mult(0,G' \ u,r]r WWl \) = mult(0,G \ u,rj( w>Wl ^) = k + 1 (for G' \ u = G \ u) implies that 
i V(w,wi)) — k, A; + 1 or k + 2 (Lemma |4i2J). 

Suppose mult(#, G', r]t w >Wl \) = k + 2. Then by Corollary 14.61 mult(0, G' \ uv,r)r WjWl \) > k + 1, a 
contradiction (for mult(6>, G' \ uv, r]r W)Wl -\) = mult(0, G \ uv, r]r WtWl \) = k). 

Suppose mult(0, G', r]r WjWl )) = k+l. Then u is (9, w, i<;i)-neutral in G' (for mult(0, G'\u, i]f WtWl -\) = 
k + 1). By part (b) of Lemma 14.91 the path uv is not (9, w, wi)-essential in G' . It then follows 
from Corollary 14.61 and Definition 14.81 that mult(#, G' \ uv, f]i W Wl \) > k + 1 , a contradiction (for 
mult(0, G' \ uv, rj^ w , Wl )) = k). 

So mult(0, G', r]f w = k and u is (0, w, ioi)-positive in G'. 

Suppose p = vuz is not (0, w, ii>i)-essential in G. Then by Definition 14. 8\ mult(0. G\ vuz. rjf u , Wl ^) > 
k. Now by part (b) of Theorem E2J r]^ w ^ wl) {G\v, x) = r}^ w>Wl) (G' \ v, x) - \w(e uz )\ 2 7]( WyWl) (G \ vuz, x). 
Since mult(0, G\v, r]^ w ^ Wl ^) = k — 1, we deduce that mult(0, G'\v, r]( w ^ Wl ^) = k — 1. Hence v is {9,w,w\)- 
essential and u is (0, w, wi)-special in G' (for u is adjacent to v and u is not (0, w, wi)-essential in 
G'). □ 

The next lemma is a generalization of [3, Proposition 5.1] and it can be proved using similar 
argument as in [3]. Nevertheless we shall give the details. 

Lemma 5.6. Let u be (0, w,w\)- special in G and v be (0 , w , w\) -essential in G\u. Then v is either 
(0 , w , wi) -positive or {9, w,w\) -essential in G. 

Proof. Let mult(0, G, ??(u, it0l )) = k. Then mult(0, G \ uv, r]f w ,wi)) = k (Lemma 15. ip . Suppose v is 
(0, w, w;i)-neutral in G. Then u is (0, w, w\ )-neutral in G\v. But u is adjacent to a (0, w, wi)-essential 
vertex z in G, so by part (a) of Lemma 15.31 z is (0, ui, wi)-essential in G \ v, which means that u is 
(0, w, u>i )-special and thus (0, w, u;i)-positive in G \ v (Lemma l5.ip a contradiction. Hence v is either 
(0, w, i/;i)-positive or (0, w, u?i)-essential in G. □ 

A vertex is said to be an isolated vertex in G if it is not adjacent to any other vertices in G. 
Lemma 5.7. Let u be an isolated vertex in G. Then 

(a) if 9 = w\{u) then u is {8, w,w\)- essential in G, 

(b) if 9 ^ w\(u) then u is (9 ,w,w\) -neutral in G. 
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Proof. The lemma follows by comparing the multiplicity of 9 as a root of both sides of the equation 
V{w,wx){G,x) = (x — wi(u)) V(w,wi)(G \ u i x ) (P ar t (c) of Theorem 12. 2D . □ 

The following fact was first observed by Chen and Ku in their proof of O Theorem 1.5] for the 
classification of vertices, using the root of the usual matching polynomial /j,(G,x). We shall give the 
details of the proof. 

Lemma 5.8. Let u be (6, w,wi)- special in G. Then the degree of u is at least two. 

Proof. Suppose the contrary. Then the degree of u is one and the vertex adjacent to u, say z is 
(9, w, u>i)-essential. Now mult(0, G \ u, rj^ w ^ Wl ^) = k + 1 (Lemma 15. lj) . mult(0, G \ z, ]a)1 )) = k — 1, 
where k = mult(0, G, rjf WjWl \). Also by part (a) of Lemma [5^2| mult(0, G \ uz, i]^ WyWl )) = k. 

Let G' = G - e uz . From r]( W}V11 ) (G, x) = n {WyWl) (G', x) - \w(e uz )\ 2 rj^ w ^(G \ uz,x) (part (b) of 
Theorem 12 . 2|) . we deduce that mult(8,G' ,r]^ W Wl ^) > k. On the other hand, mult(0,G" \ z,n^ w ^ Wl ^) = 
mult(6>, G\z, rjr w tU>1 \) = k — 1 (for G' \ z = G\ z) implies that mult(0, G', rjr W Wl \) = k — 2, k — 1 or k 
(Lemma I4.2D . Hence mult(6>, G', rjr WjWl )) = k. 

Now mult(9,G' \u,r]( W Wl -)) = mult(9,G \u,rj^ w wi ^) = k + 1, that is u is (9, w, wi)-positive in G'. 
But this contradicts Lemma 15.71 (for u is an isolated vertex in G'). Hence the degree of u is at least 
two. □ 

Lemma 5.9. Let G be the union of two graphs Gi and G 2 . Let u £ G\ and v £ G 2 . Then v is 
(9,w,wi)-essential in G if and only if it is (9, w,wi) -essential inG\u. 

Proof. By part (a) of Theorem 12.2^ we deduce that 

mult(9,G,n {WtWl) ) = mult((9, G x , V( w , Wl )) + mult(0, G 2 , V(w, Wl )), 

mult(6,G\u,r]( WtWl )) = mult((9,Gi \u,r] {W)Wl) ) + mult(<9, G 2 , V(w, Wl )), 

mult(9,G\v,n {WiWl) ) = mult((9, G x , V(w, Wl )) + mult(0, G 2 \ v, rj {u]tWl) ), 

mult(0, G \ uv, rj( WtWl) ) = mult ((9, G x \ u, V(w, Wl )) + mult(0, G 2 \ v, V( w , Wl ))- 

Suppose v is (9, w, uii)-essential in G. Then mult(9,G \ v,n^ W Wl -j) = mult(0, G, n^^^) — 1. This 
implies that mult(0,G2 \ v,V(w,wi)) = mult(0, G 2 , n^ w ^ wi ^) — 1, and thus mult(0,G \ uv,n^ w>Wl ^) = 
mult(0, G\u, r]r WiWl \) — 1. Hence v is (9, w, wi)-essential in G\u. The converse is proved similarly. □ 

For the proof of the following lemma, we shall use similar ideas as in |3, Theorem 1.5], that is 
by using edge manipulation and assuming first that the special vertex is of degree two. However, we 
cannot use the same argument as in [3] directly, because Chen and Ku assumed that 9 7^ in their 
proof (in our case this is equivalent to 9 7^ wi(u) where u is the (9, w, u>i)-special vertex). 

Lemma 5.10. Let u be (9, w, w\)-special in G and the degree of u is two. Then v is (9, w, wi)-essential 
inG\u if and only if v is (9 ,w,wi)- essential in G. 
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Proof. Let mult(0, G, 77( TO)lUl )) = k. Suppose v is (0, w, iui)-essential in G \ u. Then by Lemma [57T1 
mult(0, G \ uv, i]( WtWl \) = k. By Lemma l5^6| v is either {9, w, u;i)-positive or (0, to, ?ui)-essential in G. 
Suppose v is (0, ioi)-positive in G. We shall show that this cannot happen. 

Let z\,Z2 be the two vertices adjacent to it. Without loss of generality, we assume z\ is (0, w;, un- 
essential in G. First note that mult(0,G \ v,rjr WiW1 \) = k + 1 and mult(0, G \ vuz2,n^ WjWl ^) > k 
(Corollary US]). Let G' = G — e UZ2 . Now we show that Z2 is (9, w, u)i)-essential and the path p — z\uz2 
is (6, w, wi)-essential in G. Suppose p = z\uz2 is not (9, w, wi)-essential in G. Then by Lemma l5"3j 
u is (9, w, wi)-special G' , a contrary to Lemma 15.81 (for u is of degree one in G'). Hence the path 
p = Z\UZ2 is (9, w, u>i)-essential in G. By part (b) of Lemma 14.91 z i is w i wi)-essential in G. This 
also means that v ^ Z\,Z2 (for we assume v to be (9, w, wi)-positive in G). 

Now we show that mult(6>, G \ z\Z2,r]( WiWl }) > k — 1. Note that mult(6>, G \ zi,^^^)) = k — 1. So 
by Lemma |4"72| mult(#, G\ zi^2, = A; — 2, k — 1 or /c. Suppose mult(#, G\ zi^2 5 Vtw^)) = A: — 2. 

Note that u is an isolated vertex in G \ Z\Z%. So mult(0, G \ z\Z2U, r]( WiWl }) < k — 2 (Lemma 15. 7p . But 
this contradicts the conclusion of the previous paragraph that mult(#, G \ ziuz2,n^ w ^ Wl ^) = k — 1 (the 
path p = z\uz2 is (6>, w, u>i)-essential in G). Hence mult(0,G\ z%Z2, ^(w^^) > A; — 1. 

Now we show that p = z\uz2 is the only path with endpoints z\ and 2:2 in G. Suppose the contrary. 
Then there exits a path qi ^ p with endpoints zi and Z2- Note that </i does not contain the vertex 
u. By Lemma l5~4"l is (6>, w, u>i)-essential in G, that is mult(#,G\ gi, = A; — 1. Since u is 

an isolated vertex in G \ q, by Lemma [5771 mult(#, G \ uq\,r]t w ,wi)) < k — 1. Since gi is a path that 
begins with zi and ends with 22, uq\ is a path that begins with u and ends with Z2- But by part (b) 
of Lemma |4~79"1 mult(#,G \ uqi,n^ WWl ^) > k, a contradiction. Hence p = Z1U..Z2 is the only path with 
endpoints z\ and Z2 in G. 

Recall that G' = G — e UZ2 . So w is (#, u;, w;i)-positive in G and mult(6>, G', n^ WjWl )) = k (Lemma 
I5.5p . Next mult(#, G' \ -^2, = mult(#, G \ 22, i]( Wtm \) = k — 1 (for Z2 is (0, u), wi)-essential in G). 

So ^2 is (9, w, u>i)-essential in G'. 

Recall that we assume v is (9, w, u>i)-positive in G. So mult(6*, G\v, ??(u, it0l )) = k+1 and by Corollary 
4.6, mult(0,G\ vuz 2 ,V(w, Wl )) > k. From n (w ^ Wl) {G \ = V(w, Wl ){G' \ v,x) - \w{e UZ2 )\ 2 rj(w, Wl )(G \ 
vuz2,x) (part (b) of Theorem 2.2), we deduce that mult(#,G' \ v,rj w>Wl ) > k. This means that v is 
either (9, w, uii)-neutral or (9, w, u>i)-positive in G' . 

Now, by part (a) of Lemma 5.2 or part (a) of Lemma 5.3, Z2 is (9, w, u>i)-essential in G \ v. Note 
that G' \ v is a union of two graphs, say Gi and G2, where u,z\ G Gi and 2:2 S G2 (for p = Z1UZ2 
is the only path with endpoints Z\ and Z2 in G). By Lemma 5.9, Z2 is (0, u>, wi)-essential in G \ vu. 
So mult(#,G' \ VUZ2 , ^?(ui,u>i) ) = A; — 1. But this contradicts the fact that mult(#,G' \ vuz2,r]^ w ^ Wl ^) = 
mult(6*, G \ vuz2,r]( w ^ Wl }) > k obtained in the preceding paragraph. 

Hence v is (9, w, u>i)-essential in G. 

The converse of the lemma follows from Lemma l5.1l and part (a) of Lemma 15.21 □ 

Theorem 5.11. Let u be (9, w,wi)- special in G. Then v is (9, w,wi)- essential in G\u if and only if 
v is (9, w,wi) -essential in G. 
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Proof. For any vertex z, we shall denote its degree by deg(z). For any graph Gi, let 



x(Gi) = de ^ z ^ 
zeV(Gi), 

z is (0, w, «)i)-special in Gi 

and rngj be the number of (#, w;, u>i)-special vertex in Gi. By Lemma 15781 x{G\) > 2uig x - 

We shall prove the theorem by induction on x(G). If x(G) = 2mQ, then by Lemma 15.101 we are 
done. Assume that the theorem holds for any graph G\ with x(G\) < x(G). 

Let mult(#, G, r]t w jW1 \) = k. If deg(-u) = 2 in G, we are done by Lemma T5. 101 So we may assume 
deg(n) > 3. Let Z\ be a (0, w, u>i)-essential vertex adjacent to u. Suppose there is a vertex z% adjacent 
to u for which the path p = z\uzj, is a not (9, w, tui)-essential in G. Then by Lemma 15.51 u is 
(6, w, t^i)-special in G' and mult(0, G', rjr WjVJl )) = k where G' = G — e UZ3 . 

Suppose for all vertices z' adjacent to u, the path p' = z\uz' is (9, w, ii>i)-essential in G. Let Z2 
and za be adjacent to u. By Lemma 1531 u is (9, w, wi)-positive in G" and mult(0, G", t]i w ,wi)) = k, 
where G" = G — e UZ4 . Now mult(0,G" \ Ziuz2> r]f WjWl \) = k — 1 = mult(#,G \ zxuz^i V(w,wi)} (f° r the 
path g = z\iiZ2 is (0, iu, u>i)-essential in G). So q = Z\UZ2 is (9, w, ioi)-essential in G" and by part (b) 
of Lemma 14.91 z\ and Z2 are (8, w, ^i)-essential in G". This implies that u is (9, w, u;i)-special in G". 

Note that in either cases there is a vertex z adjacent to u such that u is (#, u>i)-special in 
G w = G - e n2 , mult^G"',//^)) = A; and X {G'") < x(G). 

Now let v be (#, w;, w;i)-essential in G\u. Then « is (0, w, u>i)-essential in G'" \ u = G \ u. By 
induction hypothesis, v is (9, w, ii>i)-essential in G'". Therefore mult(#,G w \ v,r]r w>Wl \) = k — 1. By 
Lemma [5761 u is either (0, iu, ioi)-positive or (0, ii>, wi)-essential in G. Suppose w is (6, w, u>i)-positive in 
G. Then by Corollary l4.6l multffl. G\ vuz. r]/ w>Wl \) > k. But from r]r WiWl )(G\v,x) = TJ(w,wi){G'"\v, x) — 
\'w(^uz)\ 2 V(w,w 1 )(G\vuz,x) (part (b) of Theorem I2.2p . we deduce that multffl. G \ v. i]( WtWl -\) = k — 1. 
a contradiction. Hence u is (9, w, u>i)-essential in G. 

The converse of the theorem follows from Lemma 15.11 and part (a) of Lemma 15.21 □ 



The following Corollary follows from Theorem 15.111 and Lemma 15.21 
Corollary 5.12. (Stability Lemma) Let G be a graph. If u G Arg )W ^ Wl )(G) then 

(i) D (e,w, Wl )(G\u) = D(q jW)Wi )(G), 
(H) P(8,w,wi)(G \u) = P(e,w,wi)(G)> 
(Hi) N(e, w ,wi)(G \u) = N(e,w, Wl )(G), 

(iv) % Vl )(G\«)=% m) (G)\{u}. □ 

The next corollary is a generalization of [3j Theorem 1.7] and it can be proved using similar 
argument as in [3J. Nevertheless we shall give the details of the proof. 

Corollary 5.13. (Gallai's Lemma) Let G be a connected graph for which all vertices are (9,w,wi)- 
essential. Then G is (9, w,wi)- critical. 
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Proof. Suppose G is not (9, w, u>i)-critical. Then mult(#, G, r7( WjtUl )) = k > 2 (Definition 14. 3p , Now let 
v £ V{G). Then mult(0,G\ 

v >V(w,wi)) — k — 1 > 1. Since G is connected, v is not an isolated vertex. 
Let u be a vertex adjacent to v in G. By Corollary 14. 6\ mult(#, G \ uv, r]r WjWl \) > k — 1. This implies 
that u is either (0, it;, u>i)-neutral or (6>, w, )-positive in G \ v. This also means that all the vertices 
that are adjacent to v must be either (9, w, tui)-neutral or (9, w, ^i)-positive in G \ v. 

Since mult(0, G\v, r)( w ,wi)) > 1; by Lemma H31 G\v has at least one (9, w, wi)-essential vertex. 
Together with the conclusion of the previous paragraph, we deduce that G\v has at least one (9, w, wi)- 
special vertex. 

Let A = i(s m )(G \ By Corollary 15.121 a (9, w, u>i)-essential vertex remains (9,w,u>i)- 
essential, a (9, w, wi)-positive vertex remains (9, w, u;i)-positive and a (9, w, ifi )-neutral vertex remains 
(9, w, iui)-neutral, upon deletion of a (9, w, wi)-special vertex. Also a (9, w, u>i)-special vertex remains 
(9, w, i«i)-special, upon deletion of a (9, w, u>i)-special vertex. Therefore if H is a component in 
(G\v)\ A, either mult(#, H) > and all the vertices in H are (9, w, u>i)-essential, or mult(#, H) = 0. 

Let Qi, Q2, . . . , Qi,Ti,T2, . . . , T m be all the components in (G \ v) \ A where mult(#, Qj) > and 
mult(9, Tj/) = for all j, f. By part (a) of Theorem 12.21 we deduce that 

I 

mult(9,(G\v)\A,r] {WtWl) ) = ^ mult(0, Qj, 7)( w>Wl )). 

i=i 

On the other hand, by applying Corollary 15.121 repeatedly (also Lemma I5TTI) . mult(#, (G\v)\ A) = 
fc-l + |A|. So E^imult^Q.,) = k - 1 + \A\. 

Let a £ A. Note that v is not adjacent to any vertices in (L Qi (by the conclusion of the first 
paragraph). Therefore all the Qis are components in G \ A. Since mult(6>, G\a, r]r WtWl \) = k — 1, by 
applying Lemma 14.21 repeatedly, 

mult(0, (G\a)\(A \ {a}),^,^) < k - 1 + \A \ {a}\ = k - 2 + \A\. 

Again by part (a) of Theorem 12.21 we deduce that Ylj=i nmlt(0, Qj, r}( WiWl )) < k — 2 + \A\, a contra- 
diction. Hence k = 1 and G is (9, w, wi)-critical. □ 

As a consequence of Corollary 15.121 and Corollary 15.131 we have the following; 
Corollary 5.14. Let A = Am jW ^{G). Then 

(a) A {0 ^ WiWl) (G \ A) = 0, D {0 ^ WtWl) (G \ A) = D {9jWtWl) (G), P(e,w, Wl )(G \ A) = P( d ,w, Wl )(G), and 
N {e,w,w!)(G \ A) = N(q !WiWi )(G). 

(b) G \ A has exactly (\A\ + mult(#, G, (9, w,w\) -critical components. 

(c) If H is a component ofG\A then either H is (9, w,wi)- critical or mult(0, H, ^( tUiU , 1 )) = 0. 

(d) The subgraph induced by D(e, w , Wl )(G) consists of all the (9, w,w\)- critical components inG\A. 

□ 
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6 Connection with classical Gallai-Edmonds decomposition 

Definition 6.1. The deficiency of a graph, denoted by def(G) is the number of vertices left uncovered 
by any maximum matching in G. 

The following lemma follows easily from Lemma ll.ll 
Lemma 6.2. For any edge weight function w, mult(0, G, fj, w ) = def(G). □ 

By Lemma E21 the edge weight function has no effect on the multiplicity of as a root in fi w (G, x). 
Assume that w\(u) = for all u E V(G). Then by Lemma [L~6l ~n^ w ^ Wl ^(G, x) = fJ, w (G, x). Note also that 
D(o tW)Wl ) (G) is the set of all vertices in G which are not covered by at least one maximum matching 
of G. Also Nm tWiWl \(G) = 0, for otherwise, there would be a vertex say u with mult(0, G, fi w ) = 
mult(0,G \ u,fj, w ). But this means that there is a maximum matching that does not cover u and 
so u E Dm W)Wl \(G), a contradiction (see p2j Section 3.2 on p. 93] for the details). Therefore 
V(G) = Dr 0iWtV]1 \(G)(J Ar tV]jWl \(G)U P/ 0tVJjWl \(G) which is the classical Gallai-Edmonds decomposition 
provided w(e) = 1 for all e E E(G). Also [22l Lemma 3.2.2 on p. 95] is a special case of the Stability 
Lemma (Corollary 15. 12|) . 

Lemma 6.3. Suppose w\(u) = c for all u E V(G), where c is a constant real number. Then 
V(w, Wl ){G,x + c) = fi w (G,x). 

Proof. We shall prove by induction on |V(G)|. Suppose |V(G)| = 1. Then r]/ WjWl ^(G,x) = x — c. 
Therefore r]r WjWl \(G,x + c) = x = fi w (G,x). Assume it is true for all graphs with fewer vertices than 
G. 

Let u,v E V(G). By induction, r]r WiWl )(G \ u,x + c) = (i w {G \ u, x) and r]^ w ^ Wl ^(G \ uv, x + c) = 
fj, w (G \ uv,x). So rj (WtWl )(G,x + c) = x(jl w (G \u,x) - Yjv~u \w(e uv )\ 2 fi w (G \ uv,x) (by part (c) of 
Theorem |2 i 2J) . It then follows from by part (c) of Lemma [2JJ that tj^ W Wi ^ (G, x + c) = fj, w (G, x). □ 

The next lemma follows from Lemma 16.21 and Lemma 16.31 

Lemma 6.4. Suppose w\(u) = c for all u E V(G), where c is a constant real number. Then for any 
edge weight function w, mult(c, G, r}t w ,wi)) = def(G). □ 

As a consequence of Lemma 16.41 we see that if the weight on each vertex is a constant, say c, 
then the edge weight function has no effect on the multiplicity of c as a root of T]r WtWl \(G,x). In 
fact, it depends only on the structure of the graph. Note also that Dt c>w>Wl \(G) is the set of all 
vertices in G which are not covered by at least one maximum matching of G, N( CiW>wl -\(G) = and 
V(G) = D {cm) (G) U A {cm) (G) U P { (G). 

7 Connection with the Parter-Wiener theorem 

In separate papers, Parter |24| and Wiener |25j independently observed an important theorem about 
the existence of principal submatrices of a Hermitian matrix whose graph is a tree, in which the 
multiplicity of an eigenvalue increases. Recently, Johnson, Duarte and Saiago [11] generalized this 
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result by providing more structural information. It turns out that these results are just special cases 
of the Gallai-Edmonds structure theorem that we have developed in this paper. 

Given an n x n Hermitian matrix B = [b uv ], we can associate a graph G to it as follows: let G be 
the graph with V(G) = {1, 2, . . . , n} and e uv G E(G) if and only if b uv ^ 0, u ^ v . Clearly, for a given 
graph G, there are many Hermitian matrix B = [b uv ] whose associated graph is G; moreover, we shall 
assign weights to G using B as follows: set w(e uv ) = b uv if e uv G E(G) with u < v and set wi(u) = b uu 
for all u G V(G). Consequently, B = Bi W Wl \{G) is the weighted adjacency matrix of G so that the 
characteristic polynomial of B is (j}f W)Wx \{G,x) and the eigenvalues of B are the roots of <j>( WiWl )(G,x). 

For the rest of this section, let T be a tree on n vertices 1,2, ... ,n and suppose that S(T) is the 
set of all n x n Hermitian matrix whose graph is T. Let m_e(A) denote the multiplicity of A as an 
eigenvalue of B. Suppose B G <S(T). Let B{u;u) be the matrix obtained from B by deleting the u-th. 
row and ■u-column. Note that B(u; u) = B^ W W1 ^(T \ u). 

In the literature, a vertex v of a tree T is called parter if m B ( v - v )(X) = rne(A) + 1, neutral if 
m B(v,v)(^) = m B (X) and downer if m B ( v - v )(X) = rne(A) — 1 (see [TUl [HI HI 02]). On the other 
hand, by Corollary 12.121 <ft( W)Wl )(T, x) = T]r W Wl \(T,x). So parter, neutral and downer (relative to the 
eigenvalue A) are just (A, w, iui)-positive, (A, w, wi)-neutral and (A, w, ioi)-essential respectively, in the 
language of Godsil (Definition 14. 3p . Furthermore, mg(A) = mult(A, T, T]r w1JJl -\). 

The following result has been important in the recent development on possible multiplicities of 
eigenvalues among matrices in <S(T) [10], [TTJ fT2| [13] . 

Theorem 7.1 (Parter- Wiener) . Let T be a tree on n vertices and suppose B £ S(T) and A G K is 
such that tub (X) > 2. Then, there is a vertex u of T such that 171b( U ;u) W = m s(A) + 1 a^rf A occurs 
as an eigenvalue in direct summands of B that correspond to at least three branches of T at u. □ 

A more general statement was proved by Johnson, Duarte and Saiago [11] as follows. 

Theorem 7.2 (Johnson-Duarte-Saiago). Let B be a Hermitian matrix whose graph is T, and suppose 
that there exists a vertex u of T and a real number A such that A G o~(B) n a(B(u;u)) (here cr(B) 
denotes the set of all eigenvalues of B). Then 

(a) there is a vertex v of T such that m B ( v - v )(X) = m B (X) + 1/ 

(b) if ins (A) > 2, then v may be chosen so that the degree of v is at least 3 and so that there are at 
least three components T\, T<i and T% of T — v such that mgp^A) > 1, i = 1,2,3 (here B[Ti] is 
the principal submatrix of B from retention of the rows and columns which correspond to Ti ); 

(c) if 171b(X) = 1, then v may be chosen so that the degree of v is at least 2 and so that there are 
two components T\ and T2 ofT — v such that Ws[r i ](A) = 1, i = 1,2. 

Proof. We sketch a proof based on the Gallai-Edmonds structure theorem (Corollary I5.12[ Corollary 
15.131 Corollary 15. 14p . Note that the condition A G o~{B) n a(B(u; u)) means that either ms(A) > 2 or 
fnB{X) = 1 and u is not (A, w, wi)-essential in T. In the later, we observe that Arx iWtWl )(T) ^ since T 
is connected. In fact, this is equivalent to saying that A is a root of r]( w>Wl \(T,x) and An w>Wl \(T) ^ 
(see Corollary I5.13j) . We shall consider these cases separately. 

Case I. m B {X)> 2. 
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If 

^(a,«j,iui) (-0 — {^} then it follows immediately from part (b) of Corollary I5J-4] that v has the 
property required by (b). We proceed to prove the theorem by induction on \An w,wi)(T)\- 

Fix v 6 An w ^ Wl \(T) and consider a component T' of T \ v with A^^^) (T") / 0. Such T' exists 
since A^ WiWl )(T \ v) = A( XiW , Wl )(T) \ v ^ (Corollary I5.12p . By the inductive hypothesis, there 
exists v' G A(x tV}jWl ){T') such that T' \ v' consists of T{, . . ., T' k , S[, . . ., 5 Z ' with m B [ T /](A) > 1 for all 
1 < i < k, k > 3, and Ti^g^A) = for all 1 < i < Z (it is possible that there does not exist any S^). 

Since T is a tree, i> is joined to at most one of T/'s, Sj's or v'. If f is not joined to any of the T/'s 
then we are done; otherwise, we may assume that k = 3 and v is joined to Tg. Set T\ = T{, T2 = T' 2 
and T 3 to be the component of T \ v' containing Tg and v. It is readily deduced from m B [ T \ v >j(\) > 3 
that m B ^.](A) > 1 for i = 1,2,3, as desired. 

Case II. mfl(A) = 1. 

Since a similar argument can be used to settle this case, we omit the details. □ 
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